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Abstract. We present a comprehensive L^-theory for the 9-operator on singular 
complex curves, including L^-versions of the Riemann-Roch theorem and some 
applications. 

"on 

O ■ 1. Introduction 

(N 

^ I The L^-theory for the (9-operator is one of the central tools in complex analysis on 

^ ' complex manifolds, but still not very well developed on singular complex spaces. Just 

recently, considerable progress has been made in understanding the L^-cohomology of 

P^ ! singular complex spaces with isolated singularities. Let X be a Hermitian complex 

space of pure dimension n and with isolated singularities only. For simplicity, we 

►^ ■ assume that X is compact. Let H^''^{X*) be the L^-Dolbeault cohomology on the 

rj ■ level of {p, g)-forms with respect to the 5-operator in the sense of distributions, 

denoted by d^ in the following, computed on X* = RegX. Let vr : M — )■ X 

be a resolution of singularities with snc exceptional divisor, Z := 7r~^(SingX) the 

unreduced exceptional divisor. Then it has been shown by 0vrelid, Vassiliadou 

0V12| and Ruppenthal [RuplO Rupll| by different approaches that there exist 



■3 



natural isomorphisms 
§ : f,o,,. ^*^ ^ H''{MMZ-\Z\)) (LI) 

^ ' for n = dimX > 2 and all < g < ra. Here, H?^, denotes the cohomology with 

m ; support on \Z\, and H^zii^^ ^(^ - I^D) = W if ^imX < 2, so that ^J^ gives 



a 



nice smooth representation of the L^-cohomology groups if°'''(X*). 

However, the L^-theory for the 9-operator developed in |0V12| and |RuplO[[Rupll| 



/\ . applies only to dimX > 2 (for dimX = 1, (11.11) has been known before, see |PS91] ). 

o3 '. The purpose of the present paper is to give a complete L^-theory for the 5-operator 

on a singular complex curve, including L^-versions of the Riemann-Roch theorem, 
and to understand the appearance of the divisor Z — \Z\ in the case dimX = 1. 

Let us explain some of our results in detail. Let X be a Hermitian singular com- 
plex spacqj of dimension 1, i.e., a Hermitian complex curve, and L — )■ X a Her- 
mitian holomorphic line bundle. Let d^ : LP''^(X*,L) — )■ LP''^~^^{X*,L) denote the 
weak extension of the Cauchy-Riemann operator d : ^P''(X*,L) — )■ ^P''+^(X*,L) 
on differential forms with compact support and values in L. Here, !^^''^{X*,L) : = 



Date: April 23, 2013. 
A Hermitian complex space (X, g) is a reduced complex space X with a metric g on the regular 
part such that the following holds: If a; € X is an arbitrary point there exists a neighborhood 
U = U{x) and a biholomorphic embedding of U into a domain G in C^ and an ordinary smooth 
Hermitian metric in G whose restriction to U is g\u. 
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'^^^{X*,AP'iT*X* O L) and LP'''{X\L) is the set of square integrable forms with 
values in L and respect to the Hermitian metric on X*. 

Let HP;'^{X*,L) denote the L^-Dolbeault cohomology on X* with respect to d^, 
i. e., the 9-operator in the sense of distributions, and h^^'^^X*, L) := dim HP;'^{X*, L). 
Note that the genus g = g{X) of X and the degree deg(L) of L are well-defined, even 
in the presence of singularities (see Section [22]) • For a singular point x G SingX, 
we define its modified multiplicity mult^. X as follows: Let Xj, j = 1, ...,m, be the 
irreducible components of X in the singular point x. Then 

m 

mult^ X ■.= Y^ (mult^ Xj - 1) . 

i=i 

Note that regular irreducible components do not contribute to mult^, X. 

Theorem 1.1 (9t„-Riemann-Roch). Let X be a connected compact Hermitian com- 
plex curve and L ^ X a holomorphic line bundle. Then 

hl'{X\L)-h'^\X\L) = l-g + deg{L)+ J^ mult^X, (1.2) 

and 

hl^\X*, L) - h]f{X\ L) = l-g- deg(L). 

Theorem 11.11 is a corollary of Theorem 14.21 which we prove in Section |H We also 
consider an L^-dual version there, i. e., an L^-Riemann-Roch theorem for the minimal 
closed L^-extension of the (9-operator which we denote by dg (see Section 12711) . 

On singular complex curves, the S^-operator is of particular importance because 
of its relation to weakly holomorphic functions. Namely, the weakly holomorphic 
functions are precisely the c^s-holomorphic //^'^"'^-functions (for a localized version of 
the 9s-operator, see Section [5]). Let H^f^^{X*) denote the L^'^°'^-Dolbeault cohomol- 
ogy on X* with respect to ds, and Ox the sheaf of germs of weakly holomorphic 
functions on X. Then: 

Theorem 1.2. Let X be a Hermitian complex curve. Then 

H\X,dx) = H'^UX*), 

H\X,dx) = <'ioc(^*)- 

If X is compact and connected, then dim if" (X, Ox) = 1, dim if ^(X, Ox) = g{X). 
We prove Theorem 11.21 in Section [51 

To exemplify the use of L^-theory for the (9-operator on a singular complex space, 
in particular the L^-Riemann-Roch theorem, we give in Section [6] two applications. 
There, we use our L^-theory to give alternative proofs of two well-known facts. First, 
we show that each compact complex curve can be realized as a ramified covering of 
CP^. Second, we show that a positive holomorphic line bundle over an irreducible 
complex curve is ample, yielding that any irreducible compact complex curve is 
projective. 
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Emmy Noether Programme. The authors thank Eduardo S. Zeron for interesting 
and fruitful discussions. 
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2. Preliminaries 

2.1. Closed extensions of the Cauchy-Riemann operator. Let X be a complex 
curve and X* := RegX the set of regular points. We assume that X is a Hermitian 
complex space in the sense that X* carries a Hermitian metric 7 which is locally 
given as the restriction of the metric of the ambient space when X is embedded 
holomorphically into some complex number space. 

We denote by ^^'"^(X*) the smooth differential forms of degree {p, q) with compact 
support in X* (test forms) and by L^''^(X*) the set of square integrable forms with 
respect to the metric 7 on X*. 

Let ds : LP'''(X*) — )■ L^'^+^(X*) be the minimal (strong) closed L^-extension of 
the Cauchy-Riemann operator d : ^^''(X*) — )■ ^P''+^(X*), i.e., dg is defined by the 
closure of the graph of d in LP'1{X*) x LP'1+\X*). d^ : LP'«(X*) -^ LP'1+\X*) is 
the maximal (weak) closed L^-extension of d, i. e., d^ is defined in sense of distribu- 
tions. We denote by if^'l (X*) the Dolbeault cohomology with respect to dw or ds, 
respectively, and by /i^'y'^(X*) the dimension of H^1^{X*). 

Let d : ^P''?+i(X*) -^ 3P\X*) be the formal adjoint of 9 and d^jw ■= C/s the 
Hilbert-space adjoint of d^/s- This notation makes sense as "^^i/s is in fact the maxi- 
mal (weak) or minimal (strong), respectively, L^-extension oi -&. Let * : LP''^{X*) — )• 
2^i-p.i-g(^X*) be the conjugated Hodge-*-operator with respect to the metric 7. Then 
we have ^^/^ = -*d^/s*. 

Let L — )■ X be a Hermitian holomorphic line bundle on X. We define ^^'''(X*, L) : = 
^^^{X*, AP''^T*X* ® L) as the smooth {p, g)-forms with compact support and values 
in L, and LP''^{X*,L) as the Hilbert space of square integrable forms with values 
in L. We consider the Cauchy-Riemann operator d : ^P'^(X*,L) — )■ ^P'9+^(X*,L) 
locally given by d : ^^''(X*) — )■ ^P''+^(X*). Since d commutes with the trivializa- 
tions of the holomorphic line bundle, d is well defined. We get the weak and strong 
extensions 9^, 9, : LP''?(X*, L) -^ Lp^i+\X*, L) and the cohomology H^J^i^*, L) as 
above. 

In Section [3|, we will study following other closed extensions of d than the minimal 
ds and the maximal dw Let D d C" be a domain, and X C -D an analytic set of 
dimension one with SingX = {0}. We can interpret dg as 8^, with certain boundary 
conditions. The boundary of X* consists of two parts, the singular point {0} and the 
boundary at dD: dX = dX* \ {0}. Therefore, there are two boundary conditions. 
Let ds^w denote the closed L^-extension which satisfies the boundary condition at 
{0}, i.e., / G dom (9s,w iff / ^ domc}„, and there is a sequence {fj} in domett, such 
that supp fj n {0} = 0, fj — !■ /, and d^fj — )■ du,f in L^. d^^s denotes the extension 
which satisfies the boundary condition at dX, i.e., / G domdw,s iff / ^ domS^ 
and there is a sequence {fj} in dom9t„ such that supp /,• fl dX = 0, fj — >■ /, and 
dwfj -^ dyjf in L^. We define the adjoint operators 

'i's,w := ~ * Us^w * and v^^s := ~ * (Jw,s *■, 



which we can realize as Hilbert-space adjoint operators (see [RuplO , Lemma 5.1]): 



Lemma 2.1. The Hilbert-space adjoints d^^ and d^ ^ satisfy the representations 
d*suj = ^w,s = -*dw,s* andd*^g = ^s,w = -*ds,w*, respectively. 
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2.2. Resolution of complex curves, divisors, line bundles. Every (reduced) 
complex space X (which is countable at infinity) has a resolution of singularities 
TT : M — )■ X, i. e., there are a complex manifold M, a proper complex subspace S of 
X which contains the singular locus of X and a proper holomorphic map tt : M — )■ X 
such that the restriction M \ t^~^{S) — )■ X \ S" of tt is biholomorphic, and 7r~^(S') is 
the locally finite union of smooth hypersurfaces (see |Hir64] and |Hir77t Thm. 7.1]). 
If X is a compact complex curve, then such a resolution is given just by the nor- 
malization of the curve, and it is unique up to biholomorphism: Let tti : Mi — )■ X and 
712 '■ M2 — )■ X be two resolutions of X. Then %jj := vrg'^ovri : Mi\7rjf"^(SingX) — )■ M2\ 
7r^^(SingX) is biholomorphic and bounded in the singular locus. Yet, 7rj"^(SingX) 
consist of isolated points. Therefore, ip has a (bi-) holomorphic extension. 

Let TT : M — )■ X be a resolution of a compact complex curve X. We define the 
genus of X by the genus of the resolution 

g:=h\M) = dim H\M,0). 

Since the resolution is unique, this is well-defined. 

Let L — )■ X be a holomorphic line bundle. Then the pull-back tt*L — )■ M is well- 
defined by the pull-back of the transition functions of the line bundle. There is a 
divisor _D on M associated to Tr*L such that 0{tx*L) = 0{D) and deg7r*L = deg-D. 
The uniqueness of the resolution (up to biholomorphism) implies the independence 
of deg7r*L from vr, so that 

degL := deg7r*L 
is also well-defined. 

For any divisor D on M, there exists canonically a holomorphic line bundle Ld -^ 
M associated to D such that 0{Ld) = 0{D). We can give L^ a smooth Hermitian 
metric, and then the L^-space of {p, g)-forms with values in L^, will be denoted by 
LP''^{Lu). Usually, we will consider compact spaces X, M, and then all smooth 
Hermitian metrics on L^ are equivalent. If Y is an effective divisor (i.e., Y > 0), 
then the natural inclusion 0{D) C 0{D + Y) induces a natural inclusion L^''^{Ld) C 
LP''^{Ld+y)- 

Let Z := 7r~^(SingX) be the unreduced exceptional divisor and \Z\ the underlying 
reduced divisor. Then deg(Z — |Z|) is independent of the resolution as well. We will 
discuss some alternative ways to compute deg Z. 

Locally, the resolution is given by the Puiseux parametrization: Let A be an 
analytic set of dimension 1 in D d C" with Sing A = {0} which is irreducible at 
{0}. Shrinking D, there are coordinates z,wi, ...,Wn-i around {0} such that A is 
contained in the cone ||w|| < C\z\, w = {wi, .. ,Wn-i)- The projection pr^ : A -^ Cz 
on the 2;-coordinate is a finite ramified covering. Let m be the number of the sheets 
of pr^. Generic choice of the coordinates give us the same number of sheets m called 
the multiplicity multg A of A in {0}. There exists a parametrization tt : A — t- A, 1 1— )■ 
(t'",wi(t),...,w„_i(t)), where A := {t G C : |t| < 1}; cf. e.g. |Chi89l Sect. 6.1]. 
TT is called the Puiseux parametrization. The unreduced exceptional divisor is just 
Z = {7i-\z)) = (t™), and so degZ = m. 

The number of sheets of the covering pr^ is also equal to the Lelong number 
z/([A],0) of the positive current [A] given by the integration over A (see |Chi89l 
Prop. 2 in § 3.15], [D^El Thm. 7.7] or |(m78[ § 3.2]). 
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The tangent cone gives another way to compute mult o A. Let A = {z : fi{z) = 
... = fi{z) = 0} be defined by holomorphic functions /j G 0{D) and let /« = 
Y1T=K- fk be the decomposition in homogeneous polynomials fl of degree k and 
/«! 7^ (choosing a smaller D). The set 

CoiA) := f|Co({/. = 0}) = <^ («!,...,«.) : ^a,— /«(0) 

is called the tangent cone of A in {0}. The natural projection C" \ — t- CP' 
maps Co{A) on a projective variety Co{A). The degree degF of a projective variety 
r in CP"~^ of dimension p is defined as the class of Y in i72p(CP""\ Z) ^ Z, and 
multo A = deg Co{A) (see Section 2 of |GH78i § 1.3]). In the case of a complex curve 
A, note that Co{A) is just a point of multiplicity multo A. 

All in all, we have 

deg Z = multo A = u{[A],0) = degCo{A). 

2.3. Extension theorems. We need the following extension theorem. Let A be the 
unit disc in C and A* = A - {0}. 

Theorem 2.2 (L^-extension) . If u G Lf^^(A) and v G Lf^j,(A) satisfy du = v on A* 
in the sense of distributions, then du = v on A. 

A more general statement is true for domains in C^ and proper analytic subsets 
of arbitrary codimension, cf. e.g. |Rup09 Thm. 3.2]. 



If A C -D d C" is a pure dimensional analytic set, let O = Oa be the normalization 
sheaf of Oa which is defined stalk-wise by the integral closure of Oa,x in the sheaf 
AiA,x of meromorphic functions for all x G A. A function in 0{U), U G A open, is 
called weakly holomorphic. Weakly holomorphic functions are holomorphic in regular 
points of A and bounded in singular points. If A is locally irreducible, then weakly 
holomorphic functions are continuous in Sing A (cf. e.g. |GR84t § VI. 4].) 

The classical Riemann extension theorem generalizes to the following result (see 
e.g. [GR841 Sect. VII.4.1]). 

Theorem 2.3 (Riemann extension). Let A G D G C^ be a pure dimensional analytic 
set. Every holomorphic function on A* := Reg A which is bounded at Sing A is weakly 
holomorphic on A. 



3. Local L^-theory of complex curves 

It is enough to study the typical analytic set {z^ = w'^} in C^ (see the remarks on 
the local structure of singular complex curves in Section [2l2] and Section Hj). We will 
compute the L^-Dolbeault cohomology by use of the Puiseux parametrization and 
will see why the term ^^^g- ^mult^X occurs in (11.21) . 

For integers r > s, we set A := {{z,w) G A"^ : z^ = w'^} and A* := Reg A, where 
A is the unit disk {^ G C : |^| < 1}. We assume that r, s are prime such that A is 
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(locally) irreducible. For [zq^wq] G A*, we get T(2g„,g)y4* = ((1, -^z^ ))c, where we 
choose the unique root ^fz^ which is equal to one of a/u^. Hence, 

is a normalized generator of T(2(, „,„)74* and (1 + \-z^'' p) I'^dz is a normalized gen- 
erator of T^* ,, >y4*. Since diz^ — w^) = on A*, we obtain dw = -zd" dz and we 
get dz A dz ^ dVA* , where c/Ki* denotes the canonical volume form on A* induced 
by the standard metric. 

Let TT : A* — )■ A* be the biholomorphic map defined by 7r(t) := (t*,^). vr is called 
Puiseux parametrization (cf. Section [2l2|) . We get dntg{-^) = st^'^^ "'"'^^o"^^ ^^^ 
so iT*dz = sf^'^dt and ■K*{dz A d'z) = s^ltp^'^'^^dt A di. Hence 

Let 6 : y4* — )■ A* be the inverse of vr. Then, t(z, w) is the root a/^ which is equal to 
one of ^. We get i*{dt) = \z^/=-'^dz and L*{dt A dt) = ^|2:p('/''~^)(iz A dz, i.e., 

i*t/VA- ~ \z\'^'^'''-^^dVA'-. 
If (yf is a measurable function on A* , we obtain 

/" l^pciVA* = / \'K*g\^'K*dVA* ~ / \TT*g\^ ■ W^'-^^dV^. 

J A* J A J A 

Hence, 

g e L°'°(A*) ^ f -V*(7 G L°'°(A). 

For (0, l)-forms and (1, l)-forms, we have 

7i*{gdz) = -n*g ■ -n*{d'z) = t 'K*{g)dt, 

7r*{gdz A dz) = \t\'^^'-^'^7r*{g)dt A dt. 
Thus 

/ G L°'°(A*) ^ f -^ ■ 7r7 G L°'°(A), 

/ G L°'i(A*) ^ TT*/ G L°'i(A), and (3.1) 

/ G L^'^(A*) ^ t^-' ■ TT*/ G Li'^(A). 
On the other hand, if f G L°'°(A), we get 



A = / \L V\ L aVA 
A J A* J A* 

Thus, \z\ '''~^L*v is square integrable on A*. For each (0, l)-form vdt G L'^'^(A), we 
get SL*{ydt) = z'/-~h*{v)dz G L^'^{A*), and for each (1, l)-form vdt A dt e ^^'^(A), 
we get \z\^~-si*{vdt A dt) G L^^^{A*). 

So, if / G //"^'^(A*), then u := vr*/ is in L^, too. Since dimA = 1, there exists 
V G L°'°(A) with 9tut' = M. We set g := t*f . Since \z\ ^"'^g is in L^ and |2;p^^~ /"■' is 
bounded, 

|2 / I l/,-l |2 I |2d-V9') JTA ^ II -""A-l II II 2(1-1/,) I 



I A* 



Hence, we get an L^-solution for d^g = f and 

H'JiA*) = L°'l(A*)/7^(9^) = 0. 
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In the same way, it is easy to compute 

Hl;\A*) = 0. 

We will now determine i7^'°(A*) = ker(c?^ : L^'° — )■ L^'^) by use of the L^-extension 
theorem (Theorem I2.2p . For this, let (9^,2 (A) be the square integrable holomorphic 
functions on A, and let Q\2{^) be the holomorphic 1-forms with square integrable 
coefficient. If ^ G L°'°(A*) and d^g = 0, then v := 7r*g G |t|^-"L°'°(A) and d^v = 
on A*. Therefore, d{t^'^v) = on A* and f^'^v G L^'^{A). The extension theorem 
implies d{t'^^^v) = on A, i.e., f is a meromorphic function with a pole of order 
s — 1 or less at the origin. We say v G t^~*(9£,2(A). Since, on the other hand, 
6*(t^~^Ci2(A)) C ker^u,, we conclude 

i/0'0(A*) = t^-^Oi2(A). (3.2) 

If / G L^'°{A*) and d^f = 0, then u := n*f G L°'0(A) and d^u = on A (using the 
extension theorem again). Hence, u is holomorphic on A and 

To compute the cohomology groups H*'*{A*), we use L^-duality: 

Lemma 3.1. Let de denote either the weak or the strong closed extension of d, and 
dgc the other one. For p G {0, 1}, let the range 7^(9e) of de '■ Li^'^ — > U'^ he closed. 
Then 

HP'\A*) = Hl7'''\A*). 

For the proof see e.g. |RuplO| , Theorem 2.3. 

Lemma 3.2. For p G {0, 1}, 

HP'\A*) = Hl-P'\A*) = and 
HP/ [A*) = H/P'^A*). 

Proof Recall that H/p^{A*) = 0. This implies L^-P'\A*) = 7^(9J and, particu- 
larly, that the range of d^ : L^~P'^ — )■ L^~P'^ is closed. As {^^ = —*dw* and * is an 
isometric isomorphism, we conclude that the range of "t^w : L^'^ — > LP'^ is closed as 
well. This is equivalent to the range of dg = "^Ij '■ LP'^ — )■ L^'^ being closed (standard 
functional analysis). Lemma [3.11 implies both isomorphisms. D 

To get the complete picture, we also need to understand the Dolbeault cohomology 
groups of the closed extensions dg^w and dyj^si respectively. 

Lemma 3.3. For p G {0, 1}, 

HP^%A*) = 0. 

Proof Let / G ker 9^,, = i/£'°(A*). We have showed co ■ u := u ■ 7T*f e LP'O(A) with 
uj{t) = t^'^ if p = and Ci;(t) = 1 if p = 1. By the extension theorem, we conclude 
ds{uj ■ u) = on A, where ds denotes the (strong) closure of 9cpt : ^cpt;p,o(^) ~^ 
'^mt-pii^)- The generalized Cauchy condition implies that the trivial extension of 
uu to the complex plane is a holomorphic p-form with compact support (cf. |LM02t 
§ V.3]). We deduce that uu = and, hence, / = 0. D 
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Lemma 3.4. 



H',;'^{A*) = Ol2{A) and 

As Ol2[A) = Ol2(A), the first isomorphism implies that the ds,w-holomorphic func- 
tions on a singular complex curve are precisely the square integrable weakly holomor- 
phic functions. 

Proof First, we prove that Cl2(A) = 7i*(keTds,n, ■ Iv°'°(A*) -> L^'\A*)). 

i) For V G Ol2(A), we claim that g := l*v G kerds^w To see that, choose 
smooth functions Xfc : I^ -^ [0,1] with Xfc|(-oo,fc] = 0, Xfc|[fe+i,oo) = 1 and \x'k\ < 2. 
We get (xfco logo] log l)'(p) = ^^^^|^. We define Xk '^A* ^ [OM{z,w) ^ 
XA;(log I log |2;||) (which is inspired by |PS91] ) and get supp^Xfc C A* n A^^, where 
Sk := exp{-exp{k)) -> if A; -> oo. As u G L°'°(A), we have g G z^~^L°'°(y4*) C 
L°'°(A*). Then g ■ Xk ^ 9 ^^ L"^- As a holomorphic function, v is bounded in a 
neighborhood of 0. Therefore, 



Wgdx 



2 

k\\A* 



9 



x'ki^og\\og\z\\)- 



I ^ I log I ^ I 



d\z\ 



< 



A*nA'l 



9- 



z I log I z I 



A*nA'i 



t 



s-1 



27r 



trlog|t| 
P 



< 



£fc 







p2 1og p 



dp 



|t|log|t 
1 



1 



A., \t\ log \t\ 



-dV 



logp 



£k 



-> 0, if /c -)■ oo. 







Hence, ^(sfXfc) = 9dXk -^ = d^g in L^. So, ^f G dom9s_^„. 

ii) 7i*(keTds,w) C (^^.^(A) (cf. the proof of Lemma 6.2 in |RuplO| ): Let g be in 
ker ds^w, i- e., there are gj in ^^(A*) with gj — )■ (7, (9(7^ — )■ in L'^{A*) and ^ supp^fj. 
Let X ^ Kl^tlA, [0, 1]) be identically 1 on Ai/^. We define u := X7r*(yf and Mj := xt^*9j- 
It follows that t^^-^Mj -^ t'-^u and 5mj -^ ^m in L'^{A). Let P : L'^{A) -^ L'^{A) be 
the Cauchy-operator on the punctured disc, i.e.. 



[Pih)]it) := — 



MO 



dC A dC. 



2m Ja* C -t 

Since the support of Uj is away from and dA, we get Uj 
L^-continuity of P and duj -^ du in L^ imply that 



p I 9U2_ 



The 



Ui 



P 






in L^. Since t^ ^ is bounded, we obtain t^ ^Ui — t- t"* ^P f ^ 



and, hence, u 



P I ^ 



That yields 7r*g G L'^{A). With 7r*(7 G t-'^^*CL2(A) and the extension theorem, we 
conclude Tr*g G 0^2 (A). 



Second, we claim that ker(9,,^ : L^'^A*) -^ L^'\A*)) ^ t'-^ni^iA). f = gdz is 



m 



kerds^w iff 5' £ kei ds,w This is equivalent to T:*g G Oi2[A). Since 7r*((i2;) = t^ dt, 
we infer that vr* : ifj'°(A*) — ;■ f^^Q^iiA),?!-* f = t''^^7i*gdt is an isomorphism. 
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The Riemann extension theorem (Theorem I2.3P imphes 0^2 (A) = (Dl2 (A) and 
the last statement. D 

Lemma 3.5. Forp e {0, 1}, 7^(9^,, : LP'^A*) -^ LP'\A*)) andn(ds,^n ■ LP'^{A*) -^ 
LP'^{A*)) both are closed, and 

Hl;lr\A*) = Hl-J'^iA*) for q e {0, 1}. 

Proof. Since d*^., = ^s,w, dl^^ = ^nj,s, ^s,w = -*ds,w* and t9„,^ = -*d^^s* (see 
Lemma [2?T|) . it is easy to see that Lemma [3A] holds for d^^g and dg^^- We remark 
(cf. the proof of Lemma 13. 2p that 

T^{ds,w) is closed <^ IZi^w^s) is closed 

<^ lZ{dw,s) is closed. 

Therefore, it is enough to show that 7^((9«,,s) is closed. 

Let (/? : A* — 7- R be the smooth function defined by ip{t) := (1 — s) log |tp. Then 
LP'9(A,^) = ti-*LP'«(A) for the L^-space LP'9(A,(^) with weight e"^. 

We set Ti := ■K*dyj,sL* : L°'°(A,(y9) — )■ L°'^(A). The extension theorem implies that 
Ti is the (strong) closure of (9cpt : L°'''(A, (ys) — )■ L°'-^(A). Therefore, T* is the weak 
closed extension of d"^^^ : L°'^(A) — )■ L°'''(A, (/?) which is defined by 

(acpt«,/3) = («,^rpt/3)^ = j {aX^,P)e-^dV. 

We set *(p := e^"^*. Then T2 := — *<^T^** is the weak closed extension of dcpt : 
V-'^{/S) — )■ L^'^{/S., —ip) because integration by parts implies ^^pt = ~*^<9cpt *: 



(a, *_^ 9cpt * /3)<^ = aA*^ *_<^ 9cpt * /? = (-1)^ ^jaA 9cpt * /? 
= - / Septa A */3 = -(Septa, /3). 



Hence, T2 is d^ '■ L^'^{A) -^ L^'^{A,—ip) in sense of distributions. Since for all 
u e L^'\A, -(^) = t'~^L^'\A) C Li'i(A) there is a -y G L^'°{A) with Tst; = d^v = u, 
the range of T2 is closed. Thus, the range of T* and the range of d^^s = t*TiiT* : 
LO'°(/l*) ^ L0'1(A*) are closed as well. 

We set ^1 := 7r*S^,,t* : L^'^{A) -^ L^^\A,-if) and ^2 := -* S^*^. Then ^2 is 
the weak closure of Sept : /^°'°(A,v9) -^ L°'i(A). 

7^(52) = {ue L°'i(A) : 3t; G L°'°(A,(^) = ^^-^^•''(A) with ^2^; = u} 

D {ue L°'\A) : 3v e L°'°(A) with S^t; = u} = L°'\A). 

Therefore, TZ{S2) = -L°'^(A) is closed. This implies the claim. D 

Summarizing, we computed (with s = multo A): 



H^J{A*) = H^iA*) 


^ e-'OL2{A), 




H'JiA*) - H'AA*) 


= ^h{A), 




H'j\A*) = Hl-P'%A*) 


= 0, 




H^:'M*) = H:^!siA*) 


= Ol^A), 




^i;°(^*) = H'u;!siA*) 


= t-ifi^,(A), 


and 


H!;UA*) = Hl-P'%A*) 


= 0. 





(3.3) 
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2 



4. L -cohomology of complex curves 



We will prove Theorem 11.11 in this section. As a preparation, we consider the 
following local situation: Let A be a locally irreducible analytic set of dimension 
one in a domain D d C"^^ ^^_^ with Sing A = {0}, let dV denote the volume form 
on A* := Reg A which is induced by the standard metric and let 2 : A — )■ C^ be 
the projection on the first coordinate. Let us mention (cf. e. g. Prop, in |Chi89t 
Sect. 8.1]): 

Theorem 4.1. The set of all tangent vectors at a point of a one- dimensional irre- 
ducible analytic set in C" is a complex line. 

Thus, we can assume that Cq{A) = C2 x {0} C C^ x CJ^~^^^_^, and, therefore, 
dV ^ dz A dz (by shrinking D if necessary) . 

Let TT : M — )■ A be a resolution of A, xq := 7r^^(0). Then Z = {7t*{z)) is the 
unreduced exceptional divisor of the resolution. After shrinking A and M again, 
we can assume that M is covered by a single chart ^/^ : M — ?■ C with xq & M and 
ip{xo) = 0. We set C := 7r*(^) and get Z = {()■ \Z\ = (ip) implies Z-\Z\ = {^). We 
obtain 

7T*(dz) = d(TT*z) = T^dib ~ —dip. 

dip ip 



Therefore, 7i*{dV) ~ 
bundles Ljj from Section 



dip A dip, and we conclude (recall the definition of line 



22D: 

l-p-q 



f e LP'^iA*) ^ 



n*f e LP''^{M) 



(4.1) 



^7r7GLP'^(M,L(i_p_,)(^_l^l)). 



By use of the extension Theorem 12. 2[ we get: 

/ G dom {d^ : LP'\A*) -^ L^'^A*)) 
^ n*f e dom {d^ : L^'°(M, L(i_p)(^_|^|)) ^ LP'\M,Lp^\z\-z))) ■ 

The essential observation for the proof of Theorem 11.11 is the following: 



(4.2) 



Theorem 4.2. Let X be a compact complex curve and L ^ X a holomorphic line 
bundle. Let -k : M ^ X be a resolution of X with exceptional divisor Z , and D a 
divisor on M such that ti*L = Ld, i- e., 0{'k*L) = 0{D). Then 

Hlf{X\ L) = H\M, 0{Z -\Z\ + D)), 

H^'\X*, L) = H\M, 0{Z - \Z\ + D)), 

Hl^^X*, L) = H^{M, n\D)) = H\M, 0{-D)), and 

Hl;\X*,L) ^ H\M,n\D)) ^ H\M,0{-D)). 

Proof. Let Xq be in SingX, and let A be an open neighborhood of Xq = in X 
embedded locally in C". We assume that A = AiU ... U A^ with at Xq irreducible 
analytic sets Ai. We obtain resolutions ttj := vr|^-i(^.') : Mj — )■ Ai of Ai. The sets Mi 
are pairwise disjoint in M and, also, the support of the exceptional divisors Zj of the 
resolution ttj. We get Z|^-i(^) = J2iLi ^i and |Z||^-im) = Xlili l^d- Therefore, the 
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consideration in the local case (see (14. 2p ) implies that dy^ : LP'°(X*, L) -> LP'^(X*, L) 
can be identified with 

a^ : LP'°(M,L(i_p)(z-|z|)+d) ^ LP'^(M,Lp(|^|_z)+D). 

Hence, 

H'J{X\L) = ker(9^ : L°'°(M, L^_|^|+,5) ^ ^"'^(M,!.,,)) = H\M,0{Z-\Z\+D)) 

and 

i7iO(X*,L) = ker(9^ : L^^\M,Ld) ^ L1'1(M, L|^|_^+^)) = H^{M,n\D)). 

Serre duality (see Theorem 2 in |Ser55l § 3.10]) implies 

Hl^\X*, L) = H\M, Q\D)) = H\M, 0{-D)). 

To prove the other two isomorphisms, consider the following general situation: 
Let i5 be a divisor on M, Le the associated bundle, and let C^"^ denote the sheaf 
on M which is defined by C^^'^iU) := L\^^{U,Le) for each open set U C M. Let 
E' < E he another divisor. Consider the 9-operator in the sense of distributions 
dyj : £^ — )■ £^, . Let C^' denote the sheaf defined by 

Cf{U) := dom (d^ : Lf'°(f/,L^) ^ Lf^^(f/,L^O) • 

Then C^' is fine and, in particular, H^{M,C^ ) = 0. We get the sequence 

^ nP{E) -^ C^'° ^ £5,^ ^ (4.3) 

which is exact by the usual Grothendieck-Dolbeault lemma because there is a natural 
inclusion £^, C £^ (induced by the natural inclusion 0{E') C 0{E)). 
This induces the long exact sequence of cohomology groups 

^ T{M,nP{E)) -^ Cf{M) ^ C^'eXm) -^ H\M,nP{E)) -^ H\M,Cf) = 0. 
Hence, a'j^}{M)/dXf{M) = H\M,nP{E)). We conclude 

i/y (X*, L) = C''j:^{M)/dXT\z\+DW = H\M, 0{Z -\Z\ + D)) 
and, using the Serre duality again, 

Hl;\X*,L) = C\^]_^^^{M)/dX]f{M) = H\M,Q\D)) = H\M,0{-D)). U 



Theorem 11.11 follows now as a simple corollary by use of the classical Riemann-Roch 
theorem for the Riemann surface M, keeping in mind that by definition g{M) = g{X) 
and degL = deg7r*L = degD. 

To deduce also a Riemann-Roch theorem for the 9s- cohomology, we can use the 
following L^-version of Serre duality: 

Theorem 4.3. For each p G {0,1}, the range ofd^ : LP'°(X*,L) -^ LP'^{X*,L) is 
closed. In particular, we get 

H^^iX^L) = H]-P^^-\X\L-^). 

Proof. Recall the following well-known fact. \i P : Hi -^ H2 i^ a. densely defined 
closed operator between Hilbert spaces with range TZ{P) of finite codimension, then 
the range TZ{P) is closed in H2 (see e.g. |HL84] . Appendix 2.4). 

As M is compact. Theorem 14.21 implies particularly that the range of d^, is finite 
codimensional and, therefore, closed. Since ds is the adjoint of —*dw*, the range 
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of 9, : Li-P'°(X*,L-i) -^ L^~P'\X* , L-^) is closed as well. That both ranges are 
closed implies the L^-duality (cf. Lemma 13. ip 

where J0^f{X*, L) := ker 9^/^ flker 9^/^ denotes the space of 9-harmonic forms with 
values in L. D 

Therefore, Theorem 14.21 yields: 

H°,'%X*, L) = Hl^\X*, L-^) = H\M, 0{D)), 

H'/iX*, L) = Hl;\X\ L-') = H\M, 0(0)), 

Hl'^X*, L) = H^\X*, L-^) = H\M, 0{Z - |Z| - D)), and 

Hl'\X*, L) = Hy{X\ L-^) = H^{M, 0{Z -\Z\-D)). 



From that, we obtain the dual version of Theorem II. ![ i.e., the Riemann-Roch 
theorem for the c^s-cohomology: 

Corollary 4.4 (c^s-Riemann-Roch). Let X he a connected compact complex curve, 
L ^ X he a holomorphic line hundle, and n : M -^ X he a resolution of X . Then, 

/i°'°(X, L) - /i°'^(X, L) = 1 - ^ + deg L, and 

hl'\X, L) - h\'\X, L) = l-g + deg(Z - \Z\) - degL, 

where Z is the exceptional divisor of the resolution. 

5. Weakly holomorphic functions 

In this section, we will prove Theorem 11.21 by studying weakly holomorphic func- 
tions and a localized version of the S^-operator. 

Recalling the arguments at the beginning of Section HI it is easy to see that 
Lemma [3. 3 [ Lemma [3.41 and Lemma [3.51 generalize to arbitrary complex curves, i.e., 
the c)s^it,-holomorphic functions on a singular complex curve are precisely the square 
integrable weakly holomorphic functions, and that the 9s,^-equation is locally solv- 
able in the L^-sense. 

Let X be a singular complex curve, C^x ^^e sheaf of locally square integrable 
forms, and let dw '■ CFx — )■ CFx t>e the 9-operator in the sense of distributions. 
For each open set ?7 C X, we define Sg^ioc on L\^^{U) by / G dom(9s,ioc iff / £ 
doma^ and / G dom (ds,w ■ LP'^{V) ^ LP'\V)) for all V (^ U (for more de- 
tails, see |RuplO[ Sect. 6]). Let J^x be the sheaf of germs defined by J^x (^) • = 



dom (9s Joe : -^foc(^) ~^ -^foc(^))' ^^^ ^^t ^x denote the sheaf of germs of weakly 
holomorphic functions on X. Then our considerations above yield an exact sequence 



-0,0 ^s,loc ^0,1 



-> Ox = ker 9,,ioc ^ T/ ^ C'i^' ^ 0. (5.1) 

The sheaves J-'x and Cx ^^^ ^^^ ^^^ so (15.11) is a fine resolution of Ox- Let 
^s'loci-^*) denote the L'^'^°^-Do\heau\t cohomology on X* with respect to the 9s,ioc- 
operator. Then we deduce from (15. ip : 

H^M, Om) = H%X, dx) = H'JJX*), 

H\M, Om) = H\X, dx) = H^sLiX*), 



where tt : M — )■ X is a resolution of X. That proves Theorem II. 2 [ 



L^-RIEMANN-ROCH FOR SINGULAR COMPLEX CURVES 13 

6. Applications 

There are many applications of the classical Riemann-Roch theorem; we will trans- 
fer two of them to our situation to exemplify how the L^-Riemann-Roch theorem can 
substitute the classical one on singular spaces. 

6.1. Compact complex curves as covering spaces of CP^. Let X be a connected 
compact locally irreducible complex curve with SingX = {xi, ..., x^}, let (hi)^ G O^^ 

be chosen such that {hi)^,Ox, C Ox^ and let f/, C X be a (Stein) neighborhood of 

Xi with hi ■ 0{Ui) C 0{U.i) (for the existence of the hi, see e.g. Theorem 6 and its 
Corollary in jNar66} §111.2]). Choose an xq G X* and a (Stein) neighborhood Uq of 
Xq. We can assume that f/o, ..., U^ are pairwise disjoint. 

We define a line bundle L — >■ X as follows. Let U^+i = X* \ {xq} and choose 
/o G 0{Uq) such that /o is vanishing to the order r := ordajp /o > 1 in Xq, which we 
will determine later, but has no other zeros. We also set fi := 1/hi for i = 1, ...,k 
and fk+i = 1, and consider the Cartier divisor {(f/j, fi)}i=o,...,k+i on X. Let L — > X 
be the line bundle associated to this divisor. As the fi have no zeros for i > 0, there 
exists a non-negative integer 6 such that degL = r — 6. Now choose r := g{X) + 6 + l. 
It follows that degL = g{X) + 1. Give L an arbitrary smooth Hermitian metric. 

There is a canonical way to identify holomorphic sections of L with meromorphic 
functions on X. A holomorphic section s G 0{L) is represented by a tuple {si}i 
where Sj/fj = sj fi on Uj fl Ui. This gives a meromorphic function '^{s) by setting 
\l/(s) := Sj/fj on Uj. Note that \E'(s) has zeros in the singular points Xi, ...,Xfc and 
may have a pole of order r at Xq ^ SingX. 

We can now apply our L^-Riemann-Roch theorem. The 9s-Riemann-Roch the- 
orem, Corollary 1131 implies dim H^'^ {X* , L) > 1 — g{X) + degL = 2. There- 
fore, there is a section r G L°'°(X*,L) with dgT = and Tk+i is non-constant, 
where r = {Tj}i=o,..,fc+i is written in the trivialization as above. This means that 
Ti G L°'°(X* n Ui), dgTi = 0, and Tj/ fj = r^+i is non-constant on Uj fl f/^+i- Theo- 
rem [L2] implies that Tj G 0{Ui), i = 1, ...,k + l. Now consider \I/(t) as defined above, 
i.e., ^(r) = r,//i on U^. We conclude that ^(r)//ii G 0([/i), thus ^(r) G 0{U,) 
for 2 = 1, ..., fc. Moreover, \E'(t) is non-constant, so it cannot be holomorphic on the 
whole compact space X, thus must have a pole of some order < r in xq. Thus: 

^(r) :X\{xo}^C,and 

~, ^ 1 il'^Mix) : 11, X 7^ Xo 

are finite, open and, hence, analytic ramified coverings (Covering Lemma, see |GR84} 
Sect. VII.2.2]). In particular, X \ {xq} is Stein (use e.g. Thm. 1 in |(;R79[ § V.l]). 

6.2. Projectivity of compact complex curves. A line bundle L — )• X on a 
compact complex space is called very ample if its global holomorphic sections induce 
a holomorphic embedding into the projective space CP^, i.e., if Sq, ■■■,sn is a basis 
of the space of holomorphic sections r(X, 0{L)), then the map 

$ : X ^ CP^ , X ^ [so(x) : ... : s^(x)], (6.1) 

given in local trivializations of the Sj, defines a holomorphic embedding of X in CP^. 
If some positive power of the line bundle has this property, then we say that it is 
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ample. A compact complex space is called projective if there is an ample (and, hence, 
a very ample) line bundle on it. 

A classical application of the Riemann-Roch theorem is that any compact Riemann 
surface is projective, and a line bundle on a Riemann surface is ample if its degree 
is positive (cf. e.g. |Nar92} Sect. 10]). This generalizes to singular complex curves: 

Theorem 6.1. Let X be a compact locally irreducible complex curve. If L -^ X is a 
holomorphic line bundle with degL ^ 0, then L is very ample. In particular, X is 
projective and each holomorphic line bundle on X is ample if its degree is positive. 

Clearly, this result is well-known and follows from more general sheaf-theoretical 
methods (vanishing theorems) once one knows that L is positive iff deg L > (cf. 
e.g. Theorem 4.4 in |Pet94l Sect. V.4.3] or Satz 2 in |Gra62l §3]). Nevertheless, it 
seems interesting to us to present another proof of Theorem 16.11 which is based on 
the L^-Riemann-Roch of singular complex curves. 

Let us make some preparations for the proof of Theorem 16. 1[ Let X be a connected 
complex curve and vr : M — )■ X a resolution of X. We choose a point xq G SingX 
and a small neighborhood t/ C X of xq with U* := U\ {xq} C RegX. Assume X is 
irreducible at xq. We define po := 7r~^(a;o), V := n^^{U), and V* := V \ {po}. We 
can assume that there is a chart t : V — )■ C such that the image of t is bounded. 

The Riemann extension theorem implies that tt^^ : U -^ V is weakly holomorphic 
or, briefly, t := t o tt^^ G 0{U) (see Theorem 12. Sp . We show that r generates the 
weakly holomorphic functions at xq. Let / G 0{U). Then /ott is holomorphic on V* 
and bounded in po. This implies that / o vr is holomorphic onV,fo n(t) = ^^q '^'^^^ 
and f{x) = Yl C'i.t{x)'' (by shrinking U and V if necessary). This allows to define the 
order ord^,.;, / of vanishing of / in xq by r G No if flr 7^ and a^ = for l < r. In 
particular, 

ord^o/ = ordpo(/o7r). 
Note that this definition does not depend on the resolution as different resolutions 
are biholomorphically equivalent. 

The L^-extension theorem (see Theorem 12.21) and (14.21) imply 

/ G Hl;\U) ^ f' ■ 7T*f G Ol^V) ^ (r'-« ■ / G 0(^7) and / G L^U)), (6.2) 

where Z denotes the exceptional divisor of the resolution and r^ := degp^{Z — \Z\). 
In particular, we get the representation /(x) = J2i.>-r '^i^i.^Y ^ind ord^j^ / := 
ordpQ vr*/ > —tq is again well-defined. / is weakly holomorphic iff ord^o / > 0. 

We denote by L^^ the holomorphic line bundle on X which is trivial on X \ {xq} 
and is given by r on f/, i.e., the line bundle on X given by the open covering 
Ui := X \ {xo}, Uq := U and the transition function goi := r : Uq H Ui ^ C Then 
71* L^^ = LpQ, where Lp^ is the holomorphic line bundle Lp^ — )■ M associated to the 
divisor {po}. 

Let L — )■ X be any holomorphic line bundle, L' := L (g) Lxo^ ^'^'^ ^^^ ^' be a section 
in if°'°(X*, L'). We can assume that L and L' are given by the divisors {{Uj,fj)} 
and {{Uj, f'j)}, respectively, where {Uj} is an open covering of X with Uq = U and 
Xo ^ Uj for j ^ and where fj, /j G M{Uj) with gjk := fj/fk and g'j^ := f'^/fl in 
0{Uj n Uk) {gj,k and f^L are the transition functions of L and L', respectively). 

We get /o = /o ■ T and fj = /j for j ^ 0. There is a meromorphic function 
s := ^E'(s') G A4{X) representing s'. This meromorphic function is defined by s = 
s'j/ f'j on Uj, where s'- is the trivialization of s' on Uj. We can define a section 
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s = (sj) G //^'°(X*, L) by Sj = s ■ fj. Thus Sq = Sq ■ t and Sj = s'j for j ^ 0. Hence, 
ord^o sq = ordajp Sq + 1. Summarizing, we get an injective linear map 

T : H'J{X\ L ® L-^) ^ H'f{X*, L), s' ^ s, 

which we call the natural inclusion. It follows from the construction above and by 
use of (16. 2 p that each section s G iJ°'°(X*, L) with ord^jp Sq > —To is in the image of 
T. 

As H\M,0{D')) = for a Divisor D' with degD' > 2^ - 2 by the classical 
Riemann-Roch theorem (cf. e.g. |Nar92[ Section 10]), Theorem 14.21 (more precisely, 
H'^^^X*, L) ^ H^{M, 0{Z -\Z\ + D))) implies the following vanishing theorem. 

Theorem 6.2. If L ^ Xis a holomorphic line bundle on a connected compact 
complex curve X with deg L > 2g — 2 — X^xesingx Kiult^ X , then i/°'^(X*, L) = 0. 



As a preparation for the proof of Theorem 16. ![ we get our main ingredient: 

Lemma 6.3. Let L —> X be a holomorphic line bundle on a connected compact 
locally irreducible complex curve X with degL > 2g — 1 — ^^^g- jj^mult^X. Then 
the natural inclusion 

T:H'J{X*,L®L-^)^H'J{X\L) 

is not surjective. If degL > 2g + ro — 1 — deg(Z — \Z\), then there is a section 
s G Ill^^{X*,L) which is weakly holomorphic on U{xo) and does not vanish in Xq- 

Recall that ro = mult^^o X — 1 = degp^{Z — \Z\). 

Proof i) As 7r*(L ® L^J) = tt*L (g) Lp^\ we get degL O L'^ = degL - I > 2g - 2 + 
deg(Z-|Z|). The 9^-Riemann-Roch theorem and /i|^i(X*,L) = = h^^/^X^L^L-^) 
(using Theorem 16. 2p yield 

C(X*,L®L,-i) = l-(7 + deg(Z-|Z|) + degL®L;,; 

<l-g + deg{Z- \Z\) + degL = C(X*, L). 

Therefore, the natural inclusion T cannot be surjective. 

ii) The image of T^" : H^^{X*,L® L";") -^ Lr°'0(X*,L) are the sections s with 
ord^o So > 0, where sq is the trivialization of s over U{xo), i. e., the sections where sq 
is weakly holomorphic on U{xo). As H^^{X*, L O L";"-!) -^ H^'^{X*, L L";") is 
not surjective (use degL ® L~^° = degL — ro > 2g — 1 — deg(Z — |Z|) and part (i)), 
there is a section s' G i?°'°(A:*, L^L'l^) with ord^^ s'q = -ro and oid^^{r''{s'))o = 0. 
So, s := T'^°{s') is the section of if°'°(X*, L) we were looking for. D 

Proof of Theorem \6.1[ Let X be a connected compact locally irreducible complex 
curve with SingX = {xi, ...,Xk}, and L — )■ X a line bundle with degL ^ 0. Fol- 
lowing the classical arguments to show that the map $ in (16. ip is a well-defined 
holomorphic embedding (see e.g. |Pet94j . V.4, Theorem 4.4), we have to prove: 

i) For X G X, there exists s G r(X, C(L)) such that s{x) 7^ 0. 

ii) For x,y E X, there exists s G r(X, C(L)) such that s{x) 7^ s{y). 

iii) For x G X, there exists s G r(X, 0{L)) with differential dsx 7^ 0. 

We will prove the statements (i) and (iii) for singular points x G SingX. The 
case of regular points is simpler and and follows easily with the natural inclusion and 
Lemma 16.31 The statement (ii) can be seen just as (i) by imposing the additional 
condition that s{y) =0 in what we do to prove the statement (i). 
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Let TT : M — )■ X be a resolution of singularities. Set X* = RegX, M* = 7r~^(X*), 
Pj := n^^i^Xj), and Vj := degp.(Z — |Z|), where Z is the unreduced exceptional divisor 
of the resolution. Fix an /i G {1, ..., A;} and choose a neighborhood U^ of x^ such that 
U^ is isomorphic to an analytic set A C D <£ C"^^ ^^_^ such that x^ is identified 
with G C" and with tangent cone Cq{A) = C^ x 0. We can assume furthermore that 
there exists a chart t : V^ — ;■ C with t^{p^) = on V^ := n~^{U^). The projection 
z : U^ = A ^ Cz is oi interest to us because it is a holomorphic map with injective 
tangent map. Note that r^ = ord^^^ z — 1 since 7r*(Z|{/^) = (z). 

For each singularity Xj, there is a function hj G 0{Uj) such that hj-0{Uj) C 0{Uj) 
for a neighborhood Uj of Xj small enough (see |Nar66t §111.2]). The number 

r]j := ordx.^. hj 

is important for our considerations because of the following fact. If / is a function 
on Uj with orda;^. f > rjj, then f/hj is bounded at Xj (ord^^. f/hj > 0); this implies 

f/hj G d{Uj) and, hence, / G 0{Uj). 

We can choose a weakly holomorphic section a G iJ°'°(X*,L) such that cr does 
not vanish in x^ and ord^ <y > rjj for j ^ /i. This section cr exists as we have the 
natural inclusion (see the construction above) 

H^ {x\ L ® L;;> ® (g) L^^-^-^ 1 ^ H'^\X\ L) 



and deg L ^ implies by Lemma 16.31 that the natural inclusion 

Hi;' ix\ L ® L-;^-' ® (g) I^-''^ j ^ i^r ( ^*, ^ ® ^^.^'^ ® (g) ^.7-^^^ 

is not surjective. 

Note that a is holomorphic on X — {x^} but just weakly holomorphic in x^. We will 
now modify a so that it becomes holomorphic and non- vanishing in x^. Shrink f/^ 
such that a = J2i.>o ^'-'^'^ °^ ^m "with Cq 7^ 0. Let cr' := cr/oo so that ordi:^(cr' — 1) > 1, 
i. e., a' — 1 = X]t>i '^'t''"'^ o'^ ^M- Choose as above a a G iJ°'°(X*, L) with ord^^^ a = 1 
and ordi:^ a > 77^ for j 7^ /x. Let 5- = J2i.>i ^t''"' close to x^ with Si 7^ 0. We define 
a" := cr' — ^a. Then, ord^^(cr" — 1) > 2 and ord^. , a" > rjj for j ^ fi. We repeat this 
procedure recursively to get a section C, = {^j} G if°'°(X*, L) with orda;^(,^^ — 1) > t]^ 
and ordi; C,j > t^j for j 7^ /i. Thus, ^ is a holomorphic section on X, non- vanishing 
in x^. That shows (i) for x = x^. 

We can use the same procedure to construct a holomorphic section s = {sj} G 
if°'°(X*,L) with ord2:^(s^ — z) > rj^ and ord^,. . Sj > t^j for j 7^ yU. Since s^ behaves 

like z in x^ (i.e., s^ = 2; ■ /i for an /i G 0{U^) with /i(x^) 7^ 0), we claim that the 
tangential map of s^ is injective in x^. For each tangent vector v G Cxf,{X) there is 
a path a : [—1, 1] — )■ X with a{Q) = x^ and a'{0) = v. Let us assume v ^ 0, i.e., 
(z o ct)'(O) 7^ 0. Then 

((. . h) o a)'(O) = hm ^' ■ ^^ °f^ - ° = hm ( '-^ ■ h{a{e)) 

= (zoa)'(0)-/i(a(0)) ^0. 
That proves the claim and thus statement (iii) for x = x^. n 
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For this proof, L has to satisfy 

k k 

degL >2g + Y,iVj + ^i) - deg(Z- |Z|) = 2g + k + Y,Vj- 
3=1 i=i 
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